We prove that a Dedekind domain R , graded by a nontrivial torsionfree abelian group, is either a twisted group ring k' [G] or a polynomial ring k [X], where k is a field and G is an abelian torsionfree rank one group. It follows that R is a Dedekind domain if and only if R is a principal ideal domain. We also investigate the case when R is graded by an arbitrary nontrivial torsionfree monoid.
We fix some notation and terminology. All rings R are commutative with identity 1, and all semigroups S are torsionfree. In case S is a monoid, we denote by e the identity of S and by í¿(S) the group of invertible elements of S. For seS, denote by (s) (respectively (s) ) the subsemigroup (respectively submonoid) of 5 generated by 5 . For more details on semigroups we refer to [3] . We say that R is S-graded if R -0i€S Rs, a direct sum of additive subgroups, such that RsRt ç Rst, for all s, t e S. The set h(R) = \JseSRs is the set of all homogeneous elements. If 7 is a subset of S, then we put JR = ^ieTRi. Clearly, if Supp(TÎ) = {s e S\RS f 0}, the support of R, then R = 7?-,™,.
Obviously Supp(i?) is a monoid if R is a domain. If, moreover, S is a group and RSR, = Rst for all s, t e S, then R is called strongly 5-graded. If 7 is an ideal of R, we denote by (I)h the ideal generated by all homogeneous elements of 7 . If 7 = (I)h , then 7 is called a homogeneous ideal of R.
If S is a monoid and R is an 5-graded integral domain, then Q8(R) = {rc~ ' \r e R, 0/csAj, s e S}, the graded quotient ring of R ; if moreover, S is cancellative, then Q8(R) is G-graded, where G is the quotient group of S, and its component of degree e is clearly a field. For further details on graded rings we refer to [6] .
In recent years there has been a growing interest in divisibility properties of graded rings. For example, in [1, 7] graded rings which are factorial domains are investigated, while in [1, 2] graded rings that are Krull domains are studied. In this paper we investigate graded rings which are Dedekind domains.
We begin with two elementary lemmas. Lemma 1. Let G be a torsionfree abelian group, R a G-graded ring and S = Supp(Ä). If R is a Dedekind domain, then S is either a group or a torsionfree cancellative monoid with %?(S) = {e}.
Proof. Since R is a domain and 1 e Re, S is clearly a submonoid of G.
Suppose S / $¿(S). Since 7 -S\%?(S) is an ideal of 5, it follows that R [T] is an ideal of R ; and obviously R/R,TX = R#,S). Hence R,TX is a nonzero prime ideal, and thus a maximal ideal of R . Therefore R%,S) is a field. Since %(S) is a totally ordered group, it follows, using well-known techniques, that W(S) = {e}. This finishes the proof. D Lemma 2. Assume S is a nontrivial torsionfree cancellative monoid and R is an S-graded Dedekind domain. If S = Supp(7), then the quotient group (S) of S has torsionfree rank 1.
Proof. Let Q = Q8(R), the graded quotient ring of R. Note that Q is also a Dedekind domain. Since Q is (5)-graded and because Qe is a field, it is well known that Q is a twisted group ring Q'e[G] of a group G over Qe. Moreover, S -Supp(7<) yields G = (S). Let 7 be a maximal free subgroup of G, then G/F is a torsion group. Therefore, Q is integral over Q'e[F] and since dim(Q) = 1 (note that 5 is nontrivial) we obtain that dim(Q'e[F]) = 1 . Now Qe[F] is isomorphic with a Laurent polynomial ring over the field Q in rank (7) variables. It follows that rank(7) = 1 . The result follows. D We consider the two cases mentioned in Lemma 1 separately. First we assume W(S) = {e}. Proof. Let 7 = S\{e}. Then 7 is a nontrivial ideal of S. As in Lemma 1, it follows that R[T, is a maximal ideal of R . Hence Re = R/R[T] is a field.
We first consider the case that S = N, the nonnegative integers. Put M = T?™ t = 0">o Rn ' lne uniQue maximal homogeneous ideal of R. Therefore, the ideal generated by Rx is equal to Mn for some zz > 1 . But then zz = 1 , and hence Rm = RxRm_x = R™ , for every m > 1 . Consequently R -R0 © X)">i 7?" . Let 0 / r, e Rx ; then Rrx is a nonzero homogeneous ideal and thus Rrx -M. Hence Rx = 7^0r, and for each zz > 1, Rn = RQrx . So R = 0"eN Ror" ' a Polynomial ring in r{ over RQ .
We now consider the general case. Let s e S, s ^ e, then (s) = N. Because of Lemma 2, G = (S) has torsionfree rank one. Let grp{s} be the cyclic subgroup of G generated by 5 , and let G = G/grp{5}. It follows that R is also a G-graded ring with identity component ^r/^ii • The latter follows from the fact that a¿¿(S) -{e} . It then follows from [1] that 7?.,5, i. is a Krull domain. Now since G is a torsion group and because %(S) = {e}, we obtain that for every e / t 6 S, there exist zz, m e N0 such that t" -sm . Consequently, R is integral over 7?,,.i, and, therefore, the latter ring is of dimension 1. Hence Ri/S\h is a Dedekind domain. It follows from the first case that Rs -RQrs, 0 5¿ rs e Rs. Therefore, R = R'e[S], a twisted monoid ring. We now prove that 5 = N ; this will finish the proof. Since S is torsionfree cancellative and has no nontrivial invertible elements, there exists a linear order < on S such that all elements of 5* are positive. We assert that S\{e} has a minimum element for this order. For if not, then 5 has an infinite descending chain
But then one obtains the following infinite strictly ascending chain of ideals in R: a contradiction. Let sx be the minimum element in S\{e} . So M = J2S>S Rs is the unique maximal homogeneous ideal of R and RRr = M. Consequently, for every 5 e S\{ej , Rs c RRS and thus ss~l eS. If s" < s < s"+[ , n > 1 , then 1 < ssx~" < sx , a contradiction since ssx~" e S. Therefore, 2 n e < sx < sx < ■ ■ < sx < ■■■ is a strictly ascending chain of elements of 5 which cannot be refined in S. Suppose there exists t e S such that / > s" for all n e N. Then by an argument as above, such a minimal element t exists. But then tsx~ < t and, for every n e N, tsx~ > s" ; a contradiction. Hence S = (sx)1 =N. a Proposition 4. Let R be a G-graded ring, where G = Supp(R) is a nontrivial torsionfree abelian group. If R is a Dedekind domain, then R = k![G],a twisted group ring over a field k, and G has torsionfree rank one.
Proof. It follows from Lemma 2 that G is of rank one. Hence to prove the result, it is sufficient to show that Re is a field, or equivalently that R has no nonzero homogeneous prime ideals. So we assume 7^ is not a field and derive a contradiction. Let 7 be a nonzero homogeneous prime ideal. Then R/P is a field and a Ggraded ring. Therefore R/P is trivially graded, and thus P -p + '^2geG\ ¡e\ Rg where p is a maximal ideal of Re. Write 7 = P(p). Conversely, let p be a nonzero prime ideal of Re . Then Rp is an ideal of R such that Rp(~)Re = p . Let M be a homogeneous ideal of R maximal with respect to M n Re = p. One easily verifies that M is a prime ideal of R, and thus by the previous M -P(p). Now fix a nonzero prime ideal p in R . Let 7 be the ring R localized to the multiplicative set Re\p . Then 7 is also a G-graded Dedekind domain, and by the above 7 has only one nonzero homogeneous prime ideal, namely P(p) localized to R \p . We may assume 7 = R . So let 7? be a G-graded Dedekind domain with unique nonzero homogeneous prime ideal 7 = P(p) -P + ^Zg€G\re\ Rg ■ It follows that for every 0 ^ x e Pfl h(R) there exists n(x) > 0 such that Rx = Pn(x). Since 7 = T,xepnh(R)Rx > we obtain that 7 = Rx for some xeR, g e G. Assume g / e. Then Rg = Rexg and thus RRg = Rxg = P. Therefore, for every h e G\{e}, Rh =--RgRg¡h and p = RgRg^ . Consequently, Pk 2 p + En>0Rg-> for a11 k > 1 ; a contradiction as p ^ 0 . Therefore, g = e . In this case it follows that p = Rx and Ä = Rx for g ¿ e . We obtain 7?7? = RRRxp. This yields 7? = Ä.X, and thus p = Re,a contradiction. This finishes the proof. G Corollary 5. 7e/ R be a G-graded ring, where G is a torsionfree abelian group with the ascending chain condition on cyclic subgroups; and assume |Supp(7?)| >
Then, R is a Dedekind domain if and only if
for some field k.
Proof. Since a torsionfree rank one abelian group with the ascending chain condition on cyclic subgroups is free [4] , the result follows from Lemmas 1 and 2 and Propositions 3 and 4. D Remark. Obviously, the condition in Proposition 4 is not sufficient, as, for example, a group algebra over an infinitely generated rank one group is not Noetherian.
Also, G does not need to have the ascending chain condition on cyclic subgroups. The following example is taken from [2] . Let G be an arbitrary torsionfree rank one abelian group and R -k[X \g e G], a polynomial ring over the field k . Proof. Since 5 is torsionfree, S = \JaerSa , the disjoint union of its cancellative Archimedean subsemigroups, with Y a semilattice. By < we denote the partial order relation on T, that is a < ß if aß = a. As S is noncancellative, |T| > 1 and since S is a monoid, T has a maximum element, say ô, with e e S¿. Moreover, R -0Qer Ra, a semilattice graded ring, where for every a e r, Ra = 0jeS Rs • Put R' = 0a ,s Ra , then 7?' is a nonzero prime, and thus a maximal ideal of R . Hence Râ is a field. Let a jí ô and Pa = 0" R" , where the sum runs over all ß that are either incomparable with a or ß < a. Then Pa is an ideal of R and R/Pa = 0">a Rg t¿ 0 is a domain. So 7Q is a maximal ideal in R or Pa = {0}. But in the first case 0»>aR» would be a field, which is impossible as each element of Rn ç R' is not invertible. Hence for every a ^ S , Pa = {0} , that is {/? e T\ß < a or ß incomparable with a) -0. Therefore T = {ô, a}, a ¿ ô and aô = a ; R = Rs © Ra and S = S& U Sa . Now if Ss ¿ {<?} , then Sg is a nontrivial torsionfree abelian group and Rs is a field graded by Sâ, which is impossible. So S = {e} U Sa . Now since S is not cancellative there exist s e S and t, t' e S such that st = st' and t 4-t'. But as S itself is cancellative we obtain that, say, t = e and thus t' e Sa . This yields that t' is an idempotent, and consequently, Sa = G is a group.
Let \G be the identity of G. We claim that G = {1G} . Proof. Let Re = k , a field, then R = k + RX . It follows that R = k + kX + kX2 + ■■■ + kX" + X"RX. Thus for every r e R, and n > 0, there exist r0, rx, ... , rnek and bn G RX such that r = r0 + rxX + ■ ■■ + rnX" + bnXn .
One easily verifies that the r 's are uniquely determined by r. Hence we obtain a well-defined map tp: R^k\X\: r ^ r0 +rxX + ■ ■ ■ + rnXn + ■ ■ ■ .
It follows that <p is a ring homomorphism. Moreover, since f]"€^¡ RX" = {0} j <p is a monomorphism. This proves the result. D
Of course not every principal ideal domain R is of the form k + M. Let R = R[X],X2+X+X), that is the localization of R[^] with respect to the prime ideal generated by X + X + 1. Clearly R is a principal ideal domain, and it is easily verified that R is not of the form k + M for some field k and nonzero ideal M.
